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Abstract

Three-dimensional convection of air in a vertical cylinder isothermally heated and cooled from a side wall was

numerically computed both in magnetic and gravity fields. A single electric coil was placed around a cylinder to gen-

erate a magnetic field. Convection was calculated for various coil levels and magnetic strengths. The gravity field, mag-

netic strength and Rayleigh number are shown to have substantial effect. Convection modes and heat transfer rates are

also presented.

� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Recently, various new phenomena due to magnetiz-

ing force have been reported under a strong magnetic

field of a super-conducting magnet. Magnetic field as

large as 10–20 T can be steadily produced around the

10 cm diameter bore space kept in a room temperature.

The phenomena due to the magnetizing force had been
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known for many years [1,2] but almost totally neglected

until the super-conducting magnet became available.

In such strong magnetic fields, the convection of

paramagnetic gases like oxygen or diamagnetic fluids

like water, have been reported to be affected. For exam-

ple, Braithwaite et al. [3] investigated convection of gad-

olinium nitrate water solution (paramagnetic) in the

configuration of Rayleigh–Bénard system under a mag-

netic field. They described the suppression or enhance-

ment of the natural convection heat transfer rate due

to the magnetic field. Oxygen gas has relatively high

magnetic susceptibility among gases and is typically

used for those experiments due to its paramagnetic

behavior in accordance with Curie�s law. Wakayama
and coworkers [4–8] have been very active in finding
ed.
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Nomenclature

b = (br, 0,bz) magnetic induction (T = Wb/m2 =

V s/m2)

b0 reference magnetic induction, lmi/r0 (T)
B = (Br, 0,Bz) dimensionless magnetic induction, b/b0

(–)

cp specific heat (J/(kg K))

dc electric coil diameter (m)

fbuoy = gq0b(h � h0) [(0,0,1)
T] gravitational buoy-

ancy force (N/m3)

fmag = vm0b(h � h0)$b
2/lm magnetizing buoyancy

force (N/m3)

Fbuoy = RaPrT [(0, 0,1)T] dimensionless buoyancy

force (–)

Fmag = �RaPrTc$B2 dimensionless magnetizing

buoyancy force (–)

g gravitational acceleration (m/s2)

h cylinder height (m)

H dimensionless height, (aspect ratio) h/r0 (–)

i electric current (A)

l vertical length (m)

L dimensionless vertical length, l/r0 (–)

Nu = Qconvection/Qconduction average Nusselt number

(–)

p pressure (Pa)

p0 reference pressure, q0u
2
0 (Pa)

P dimensionless pressure, p/p0 (–)

Pr = m/a Prandtl number (–)
Q heat flux (W/m2)

r0 reference length, (cylinder radius) (m)

r, z radial and axial coordinates (m)

R, Z dimensionless radial and axial coordinates,

(r,z)/r0 (–)

r position vector (m)

rc electric coil radius (m)

Rc dimensionless electric coil radius, rc/r0 (–)

Ra ¼ gbðhhot � hcoldÞr30=ðamÞ Rayleigh number (–)
s a periphery line of a coil (m)

ds tangential vector of an infinitesimal coil ele-

ment (m)

t time (s)

t0 reference time, r0/u0 (s)

T = (h � h0)/(hhot � hcold) dimensionless temperature
(–)

u0 reference velocity, a/r0 (m/s)
v = (u,v,w) velocity vector components (m/s)
V = (U,V,W) dimensionless velocity, (u,v,w)/u0, (–)
Zc coil elevation (–)

Subscripts

buoy buoyancy

mag magnetizing

0 reference value

hot heating zone temperature

cold cooling zone temperature

init initial condition

r, z r, z components of vector

Greek symbols

a thermal diffusivity of air (m2/s)

b thermal expansion coefficient (K�1)

c ¼ ðvm0b20Þ=ðq0lmgr0Þ magnetic field strength

parameter (–)

l viscosity (Pa s)

k thermal conductivity (W/(m K))

lm magnetic permeability (H/m) = (Wb/(A m))

m kinematic viscosity, l/q0 (m
2/s)

h temperature (K)

h0 = (hhot + hcold)/2 reference temperature (K)
Dh = hhot � hcold temperature difference (K)
q density (kg/m3)

q0 reference density at h0 (kg/m
3)

s dimensionless time, t/t0 (–)

vm magnetic susceptibility of air (–)

vm0 reference magnetic susceptibility of air at h0
(–)

w angular coordinate (rad)

P. Filar et al. / International Journal of Heat and Mass Transfer 48 (2005) 1858–1867 1859
various interesting phenomena, such as jet stream of

nitrogen gas into air (Wakayama jet) in a steeply

decreasing magnetic field, enhancement of combustion

flames and sustaining flame under microgravity. Kitaz-

awa and coworkers [9,10] have presented many inter-

esting phenomena occurred in the magnetic field

i.e. the levitation of a water droplet by strong magnetic

field, driving of air flow due to magnetic field etc.

Ozoe and coworkers [11–14] reported a number of

numerical calculations for natural ventilation and natu-

ral convection in a magnetically cancelled field against

gravity acceleration. However, the three-dimensional
analysis of air convection in a vertical cylinder being

cooled and heated from a side wall has not been yet

fully presented under a strong magnetic field. The

present paper describes numerical analysis of the air

convection inside a cylinder where the upper and lower

part of the cylinder side walls are isothermally cooling

and heating zones, while the intermediate section and

top and bottom plates are thermally adiabatic. This

configuration is similar to a thermosyphon system. The

level of magnetic coil around the cylinder was studied

in order to investigate the convection phenomena in

detail.
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Fig. 1. The system geometry. A vertical cross-section of a cylinder.
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Fig. 2. The contour lines of B2 on the right-hand side and its

gradient vectors $B2 on the left-hand side in a vertical cross-
section of a cylinder for a coil located at Zc = 1.
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2. Modeled system and equations

Modeled system is shown in Fig. 1. It is a vertical cyl-

inder heated from a lower side wall and cooled from an

upper side wall. The vertical length of heating and cool-

ing zones is L = (7/15), respectively. The area in-between

(L = (1/15)) and top and bottom plates of the cylinder

are thermally insulated. The aspect ratio of cylinder

(H = h/r0) was set to be equal to 1 as drawn schemati-

cally in Fig. 1. The coil radius Rc was arbitrarily set to

be double of the cylinder radius.

The fluid was assumed to be paramagnetic, incom-

pressible and Newtonian. Boussinesq approximation

was employed for both gravity and magnetizing force

terms. Magnetic field distribution was obtained from

integration of Biot–Savart�s law for the whole computa-
tional domain.

The governing equations for the considered system

can be written as follows in nondimensional variables,

according to Tagawa et al. [14] and Bai et al. [15]:

$ � V ¼ 0 ð1Þ

DT
Ds

¼ r2T ð2Þ

DV

Ds
¼ �$P þ Prr2Vþ RaPrT �c$B2 þ

0

0

1

0
B@

1
CA

2
64

3
75 ð3Þ

B ¼ 1

4p

I

coil

dS� R

R3
ð4Þ

The initial and boundary conditions are:

At s = 0, V = 0, T = 0 for 0 6 R 6 1.0, Z = 0, Z = 1.0

(adiabatic bottom and top cylinder plates)

V ¼ 0; oT=oZ ¼ 0

for R = 1, 0 6 Z 6 7/15 (cylinder wall–heating zone)

V ¼ 0; T ¼ þ0:5

for R = 1, 7/15 < Z < 8/15 (cylinder wall–adiabatic zone)

V ¼ 0; oT=oR ¼ 0
for R = 1, 8/15 6 Z 6 1 (cylinder wall–cooling zone)

V ¼ 0; T ¼ �0:5

These equations were approximated with finite differ-

ence equations and numerically solved with using the

three-dimensional HSMAC algorithm. Continuity equa-

tion, coupled momentum equations and energy equation

were solved in iterative process. A third order upwind

scheme was applied to the inertial terms. Computations

were carried out for staggered grid systems to satisfy the

equation of continuity in each grid cell. The grid num-

bers applied to the system were 16, 36 and 32 along

the R, w and Z directions, respectively. These grid num-

bers were selected from the previous accuracy tests for

various grids based on two- dimensional calculations

[16]. Grid was taken finer near the system boundaries

and coarser in the center. The mathematical problem

of computational singularity at the radial center was cir-

cumvented by the technique of Ozoe and Toh [17].
3. Numerical results and discussion

The contour lines of a square magnetic induction B2

and its gradient $B2 vector are shown in Fig. 2 for a coil
location, Zc = 1. Computations were carried out for the

air convection in a cylinder with an electric coil located

at various levels 0 6 Zc 6 1. The physical properties of

air and reference dimensional values are listed in Table

1.



Table 1

Thermophysical data applied in the calculations and physical

properties of air at h = 300 K and p = 0.1013 MPa—[18]

b0 = 3.1 T

rc = 0.05 m

vm0 = 3.77 · 10�7

lm = 4p · 10�7 H/m
q0 = 1.176 kg/m

3

cp = 1.007 · 103 J/(kg K)
a = 22.15 · 10�6 m2/s
k = 26.23 · 10�3 W/(m K)
m = 1.578 · 10�5 m2/s
r0 = 0.025 m

b = 3.462 · 10�3 K�1

l = 1.856 · 10�5 Pa s
Dh = 10 K
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Fig. 3. Transient responses of Nusselt number in a gravity field

at Pr = 0.71, c = 0 and Ra = 1.9 · 103, 3.8 · 103, 7.6 · 103,
1.52 · 104, 3.04 · 104, 6.08 · 104, respectively.

Table 2

Computed average Nusselt number at c = 0 and Pr = 0.71

Ra 1900 3800 5000 6000 7600 15200 30400 60800

Nu 	1.0 1.005 1.015 1.023 1.051 1.190 1.332 1.550
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3.1. Without magnetic field

At first the Rayleigh number was varied while mag-

netic field was not applied. Fig. 3 shows the transient re-
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Fig. 4. Isothermal contours and velocity profiles in gravity field at c =
X–X 0 plane, (b) mode B at s = 3.0 and in a X–X 0 plane, (c) mode B a
sponses of the average Nusselt number for the various

Rayleigh numbers 1.9 · 103–6.08 · 104 at c = 0 (no mag-
netic field). The converged average Nusselt numbers are

listed in Table 2. At Ra = 1.52 · 104 flow mode becomes
axisymmetric at s = 0.5 (point A) and full 3D flow after
s = 3.0 (point B).
Fig. 4 presents isothermal contours and velocity pro-

files at c = 0, Pr = 0.71 and Ra = 1.52 · 104. Fig. 4(a)
shows two-dimensional, axi-symmetric mode at s = 0.5.
Fig. 4(b) and (c) show 3D flow at s = 3. They are in
two perpendicular, vertical planes either along the X

or Y axis, respectively. These figures show that flow

mode is no more axi-symmetric. This system is unstable

in a gravity field and convection should start immedi-

ately when Rayleigh number differs from zero. However,

when we plot, Nu vs. Ra, as shown in Fig. 5, abrupt in-

crease occurs in the Nusselt number at Ra 	 6000. This
is similar to the classical Rayleigh instability at the crit-

ical Rayleigh number. We tentatively called this as a

quasi-critical Rayleigh number Rac. Similar characteris-

tics may be expected for other geometries of the enclo-

sure and aspect ratios, etc.

In Fig. 6 four streaklines with two horizontal isother-

mal contours at (a) Z = 0.45 and (b) Z = 0.55 at a non-

magnetic case can be seen. In (c) the isothermal contours

are shown along the cylinder wall at radius R = 0.9 at

Pr = 0.71, Ra = 1.52 · 104 and s = 3.0 which corre-

sponds to t = 85 [s] for the dimensional system of Table

1. The isothermal contours represent the asymmetric

flow mode with two upflow columns of fluid and two

downflow. The isothermal contours at the heights

Z = 0.45 and 0.55 appear to be shifted in the circumfer-

ential direction at about p/2 radians, although the
streaklines are in the same direction which suggests the

same flow mode.
10 10
X’
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Y Y’
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) (c)

0, Pr = 0.71 and Ra = 1.52 · 104: (a) mode A at s = 0.5 and in a
t s = 3.0 and in a Y–Y 0 plan.
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Fig. 7. Transient responses of the average Nusselt number in

gravity field at Zc = 0, Pr = 0.71, Ra = 1.52 · 104 and c = 0, 1,
2, 6, 10, respectively.
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Fig. 5. Computed average Nusselt number vs. Rayleigh num-

ber in gravity field at c = 0 and Pr = 0.71.
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3.2. In the magnetic field

Fig. 7 shows the transient responses of the average

Nusselt number with the coil located at Zc = 0 and at

Pr = 0.71, Ra = 1.52 · 104 for c = 0, 1, 2, 6 and 10.
The average Nusselt number becomes about twice at

c = 10 than that at c = 0. At c = 10 and higher, convec-
tion became oscillatory. Then, similar computations

were carried out for various heights of a coil location

Zc. Table 3 lists the average Nusselt number for the
COLD 
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(a)  

(c)  

R= 0.9

Fig. 6. Temperature contours and streaklines in a non-magnetic fiel

Z = 0.55 and (c) isothermal contours at (R = 0.9). Pr = 0.71 and Ra =
combination of the Rayleigh numbers and the height

of a coil location Zc, at c = 10 and Pr = 0.71. They are

shown in Fig. 8. Both coil elevation and Rayleigh num-

ber affect the heat transfer rate extensively. The maxi-

mum Nusselt number could be obtained for the coil

located at about Zc = 0.4. For top location of coil

Zc = 1.0 the effect of Rayleigh number becomes

negligible.
(b)  

d c = 0. Isotherms in two horizontal sections (a) Z = 0.45, (b)
1.52 · 104.



Table 3

The effect of the Rayleigh number and coil location Zc on the

average Nusselt numbers at c = 10 and Pr = 0.71

Zc Ra

3800 15,200 60,800

0 1.675 2.121 ± 0.020 3.004 ± 0.091

0.25 1.961 2.651 3.655

0.5 1.872 2.624 3.699

0.75 1.352 1.604 1.915

1 1.098 1.178 1.291
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Fig. 8. The average Nusselt number in gravity field vs. coil

location Zc, at Pr = 0.71, c = 10 and Ra = 0.38 · 104, 1.52 · 104

and 6.08 · 104, respectively.
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Fig. 9 shows the isothermal contours and velocity

vectors at Ra = 0.38 · 104, 1.52 · 104 and 6.08 · 104

and at two levels of coil Zc = 0.25 and Zc = 0.75. The

reference magnitude for the velocity vectors are changed
Ra = 0.38 104 Ra = 1.5
Zc = 0.75 20

 
Zc = 0.25 20

COLD 

HOT 

HOT 

COLD 

×

Fig. 9. Isothermal contours and velocity profiles in gravity field at c
respectively. Upper rows are at Zc = 0.75 and lower at Zc = 0.25.
due to large difference between them. Although axisym-

metric flow was resulted in all cases, the effect of coil

location and Rayleigh number is extensive.

3.3. Effect of coil location and c parameter

Fig. 10 shows the average Nusselt numbers vs. coil

location Zc at Pr = 0.71 and Ra = 1.52 · 104 with a
parameter c = 0, 1, 10, and 100. For Zc = 0 additional
results are plotted for c = 2 and 6. The heat transfer rate
increases with the strength of the magnetic field c and at-
tains local maximum near Zc = 0.4. At c = 1 the Nusselt
number depends on Zc almost symmetrically about the

middle height Zc = 0.5. At c = 10 and 100 oscillations
were resulted at Zc = 0. The Nusselt number takes large

values at Zc = 0 but almost conduction state is resulted
2 104 Ra = 6.08 104 
20
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× ×

= 10, Pr = 0.71 and Ra = 0.38 · 104, 1.52 · 104 and 6.08 · 104



Table 4

The effect of coil location Zc and magnetic strength c on the
average Nusselt number at Pr = 0.71 and Ra = 1.52 · 104

Zc c

0 1 10 100

0 1.190 1.350 2.121 ± 0.020 3.905 ± 0.27

0.25 1.190 1.579 2.651 4.591

0.4 1.190 1.630 2.728 4.834

0.5 1.190 1.622 2.624 4.537

0.75 1.190 1.472 1.604 1.951

1 1.190 1.239 1.178 1.384

Fig. 11. Isothermal contours and force vectors �T[c$B2 � (0,0,1)T]
Ra = 1.52 · 104.

Fig. 12. Isothermal contours and velocity profiles at c = 0, 1, 10, 10
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at Zc = 1 where the cold air is trapped by magnetic field

near the top cooling plate. These Nusselt numbers are

listed in Table 4.

Fig. 11 shows force vectors �T [c$B2 � (0,0,1)T] on
the right hand side of each diagram and isothermal con-

tours on the left hand side at Pr = 0.71 and

Ra = 1.52 · 104. Graphs are for combinations of c = 0,
1, 10 and 100 and Zc = 0, 0.5 and 1, respectively. Corre-

sponding velocity vectors and temperature distributions

are also presented in Fig. 12. Magnitudes of reference

vectors are listed at the top right corner of each graph

and changed depending on the location of the coil.
at c = 0, 1, 10, 100 and for Zc = 0, 0.5 and 1, at Pr = 0.71 and

0 and for Zc = 0, 0.5 and 1, at Pr = 0.71 and Ra = 1.52 · 104.
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For weak magnetic field c = 1, the flow mode is almost
unaffected by the coil location although they are differ-

ent from those at c = 0. At c = 1, magnetizing force is
not strong enough to suppress natural convection in

the top part of cylinder which results in one global vor-

tex through all the cylinder as seen in Fig. 12. For the

top location of coil Zc = 1, a reverse flow in comparison

to natural convection can be observed. It appears due to

strong effect of magnetizing force which tends to attract

the cold air from the upper cooling zone towards the top

corner, where the gradient of square magnetic induction

is large as shown in Fig. 11. As c becomes large, the
temperature stratification is resulted for the present sys-

tem cooled from upper side wall at c = 10 and 100.
Simultaneously hot fluid near the lower heating zone is

repelled downwards due to its low magnetic susceptibil-

ity. For a coil located in the middle height of cylinder

(Zc = 0.5) a single vortex was calculated with strong

convection near side wall as seen in Fig. 12. For the

bottom location of coil (Zc = 0), cold air from the top

part of enclosure is driven downwards both by buoyancy

and magnetizing forces. In the consequence, very inten-
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Fig. 13. Isothermal contours in a plane Z = 0.18 (left-hand side) and

c = 2 and (d) c = 6. The right hand diagrams are corresponding isoth
sive circulation is resulted. Such configuration seems to

be very effective for the fluid mixing. At c = 10 and
100 non-periodic oscillations were resulted which is

also indicated by the error bars in the Nusselt number

graph in Fig. 10. Because of this oscillation only

instant profiles at s = 3 are drawn for those cases. At
these conditions (c P 10, Zc = 0, Ra = 1.52 · 104, Pr =
0.71) cold air from the top is attracted downwards but

simultaneously hot fluid from the bottom is pushed up-

wards. These counter effects seem to cause the flow

instability.

Fig. 13(a)–(d) are horizontal cross sections of iso-

therms at c = 0, 1, 2 and 6 taken at level Z = 0.18 and
corresponding vertical cross section along A–B line in

the right hand side. Flow symmetry was broken at

Zc = 0 and three-dimensional results were obtained.

These structures occurred for 10P c P 1 with coil at

Zc = 0 and are localized in the bottom part of cylinder

where upward flow collides with downward flow.

Depending on the strength of magnetic field, several

spoke numbers were obtained. Primarily, the number

of spokes obtained at c = 0 increases with c. Namely,
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five steady spokes at c = 1, seven steady spokes at c = 2
and nine spokes pattern at c = 6 were calculated. For
higher c, higher numbers of spokes were resulted, but
they became unstable and difficult to describe. When

the magnetic field strength c attains about 10, flow be-
comes oscillatory without any particular structures.

Fig. 14(a)–(d) show the corresponding temperature

contours at various c parameter. The isothermal con-
tours at R = 0.9 are displayed in a plane vs. a circumfer-

ential angle w. Numbers of regular structures appear in
the lower half of cylinder at c P 0. Angular structures

for c P 1 are regular and steady with time, although

not shown. At 10 > c > 6 angular structures were oscil-
lating with time. Above c = 10 non-structured, unsteady
3D flow was resulted.
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Fig. 14. Temperature contours at (R = 0.9) along the cylinder

wall at Zc = 0, Ra = 1.52 · 104, Pr = 0.71 and at (a) c = 0, (b)
c = 1, (c) c = 2 and (d) c = 6, respectively.
4. Conclusion

Three-dimensional numerical analysis was carried

out for convection of air in a vertical cylindrical enclo-

sure under a magnetic field. The effect of various

parameters was tested such as the Rayleigh number

Ra, magnetic field strength c and coil elevation Zc.

In this configuration it is possible to control the flow

mode and heat transfer rate with magnetic field.

The highest Nusselt number was found at around

Zc = 0.4. Almost axi-symmetric stable convection or

even near the conduction state was obtained for the coil

near the top plate of the cylinder. On the other hand,

strong and oscillatory convection was resulted with the

magnetic coil located near the bottom plate of the

cylinder.
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